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Answer any three from the following questions : 3×20

1.  (a) Examine with reason whether 0
1 1lim sin sinx x
x x

  
 

 exist or not. 2

(b) Give examples of a function which is 5

(i) Continues and bounded on  , attains its suprimum but not infimum.

(ii) Continues and bounded on  , attains its infimum but not its  suprimum.

(iii) Continunes and bounded on an interva, but attains neither its suprimum nor infimum.

Full Marks : 60
Time : 3 Hours



(c) Let [a, b] be a closed and bounded interval and  : ,f a b   be continuous on [a, b]. If

f(a) and f(b) are opposite sign then show that there exists at least a point c in the open

interval (a, b) such that f(c) = 0. 6

(d) Does Rolle’s theorem hold for    1 1 in 0, 2f x x    Justify.. 2

(e) Let    211 log , 0
3

0 , 0

x x x
f x

x

     
 

 Show that f is continuous at x = 0 but not derivable

there. 5

2. (a) Show that the Dirichlet’s function is everywhere discountnuous on  . 2

(b) Let [a, b] be a closed and bouded interval and a function   be continuous on [a,  b]. If

   f a f b  then f attains every value between f(a) and f(b) at least once in (a, b). Is the

converse ture ? Justify. 5

(c) Give and example of a function f defined on an interval I such  that 4

(i) f  has jump discontinuity at a point of I.

(ii) f  has removable discontinuity at a point of I.

(iii) f  has infinite discontinuity at a point of I.4.

(d) (i) Prove that for no real value of k, the equation 3 12 0x x k    has two real roots in

[–1,.1]. 2+3

(ii) Prove that there does not exist a function   such that    x f x    on [0, 2] where

   f x x x  .

(e) Prove that
3 3 5

sin
6 120

x x xx x
x

      for all 0x  . 4



3. (a) Prove that there exists 0,
2

x   
 

 such that cosx x . 2

(b) Let D   and a function :f D   be uniformly continuous on D. If  nx  be a Cauchy

sequence in D then show that   nf x  is a Cauchy sequence in  . If we drop the condition

‘‘uniformity’’, then is the above reseult hold ? Justify. 5

(c) If f(x) be differentiable at x a  show that 2

         2
lim 2
x a

x a f x af a
f a af a

x a

 
 


.

(d) (i) State Rolle’s theorem. Is the set of conditions of Rolle’s theorem a necessary condition ?

Justify.

(ii) If a function f is continuous at a point x = 0, prove t hat xf(x) is derivable at x = 0. 5

(e) State and prove Lagrange’s mean value theorem. Give its geometrical signifincance. 6

4. (a)  : 0,1f   is continuous on [0,1] and f  assumes only rational values. If 1 1
2 2

f    
 

,

prove that   1
2

f x   for all  0,1x . 2

(b) (i) Give an examples to show that a function which is continuous on an open bouded

interval may not be uniformly continuous there. 2+3

(ii) Let f be continuous on [a, b] and f(x) = 0 when x is rational. Show that f(x) = 0 for

every  ,x a b .

(c) Find  0f   [if exist] for the function  
33 2 , 0
2

33 2 , 0
2

x x
f x

x x

     
   


2



(d) Prove that between any two real roots of sin 1xe x  , there exist at least one real root of

cos 1 0xe x   . 2

(e) Expand sin x, x , in powers of x by Tailor’s series expansion. 3

(f) Find the minimum value (if exist) of the function defined by    , 0xf x x x  3

(g) Show that the greatest value of  , 0, 0m nx y x y   and x y k   (k = constant) is

 

n n m n

n
m n k

m n




. 3

5. (a) Prove that between any two real roots of sin 1xe x   there exist at least one real root of

cos 1 0xe x   . 4

(b) A function f is thrice differentiable on  ,a b  and     0f a f b   and also

    0f a f b   . Prove that the second derivative of f vanishes at c, where

a < c < b. 4

(c) Define discrete and pseudo metric space. 2

(d) On the real line  , show that a singleton set is not an open set. 2

(e) Let X be the set of all sequences of real numbers containing only a finite number of non-zero

element. Let :d X X X    be defined by        
1

2 2
1

,n n r rr
d x y x y


  . 6

(f) Give an example to show that the continuous image of an open bounded interval may not be

an open bouded interval. 2

6. (a) In the mean value theorem       , 0 1f x h f x hf x h       , prove that

0
1lim
2h     if   sin .f x x 4



(b) Show that any discrete metric space is a complete metric space. 2

(c) Show that in any metric space, a finite set has no limit point. 2

(d) Show by example that in any metric space, the Cantor intersection theorem  may not hold

good if any of the following conditions is not satisfied : 8

(i)  nF  is a sequence of closed sets.

(ii)   0nF   as n  where  A denotes the diameter of the set A.

(e) We know in a metric space  ,X d , ‘‘the union of a finite number of closed sets is closed’’.

In this result if we drop the finiteness, then is the result hold good ? Justify. 4

_____________
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Answer any three from the following questions : 3×20

1.  (a) (i) Let (G, *) be a group and , .a b G . Suppose that 2a e  and 4 7* *a b a b .

Then prove that 33b e .

(ii) Consider  2,G GL  , where  2,GL   denotes the group of all invertible 2×2

real matrices and  2, 0
0
a b

H GL ad
d

  
    
  

 .  Is H a subgroup of G ?

Justify your answer.

Full Marks : 60
Time : 3 Hours
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(iii) Give and example of a group G and one of its subgroups H such that aH bH
but Ha Hb  for some ,a b G

(iv) Show that there does not exist any isomorphism between the additive group of all

real numbers  ,   and the multiplicative group of all non-zero real numbers

 *,  .

(v) If  , 0G  be group and a G , prove that any conjugate of the element a has the
same order as that of a. 2×5

(b) (i) Prove that a group  , *G  is commutative if and only if  * *
n n na b a b  for any

three consecutive integers n and for all ,a b G . 5

(ii) (a) Show that     , 1 2 3 4H e  is not a normal subgroup of 4S .

(b) Find all homomorphisms of the group  ,   to itself. 2+3=5

2. (a) (i) Give example of two subgroups H, K such that their product HK is not a

subgroup.

(ii) Let G be a group and S be a non-empty subset of G. Define normalizer of S in G.

Then show that the normalizer of S is a subgroup of G.

(iii) Suppose N is a normal subgroup of a group G. If G is an abelian group then G/N

is a cyclic group — is this statement true ? Give logic in support of your answer.

(v) Show that    2, 2,GL SL   is isomorphic with  *,  . 2+(1+2)+2+3=10

(b) (i) Let S be a non-empty subset of a group G. If S   denotes the subgroup of G
generated by S, then prove that

 1 , 1, 1, 2, ..., ;in e
i i iiS s s S e i n n        .

(ii) Using First Isomorphism theorem show that 9  is not a homomorphic image of

16 .



Vid
yas
aga
rUn
iver
sity

(iii) Prove that          , 1 2 3 4 , 1 3 2 4 , 1 4 2 3K e  is a normal subgroup of

4A . 5+2+3=10

3. (a) (i) Prove that  2, either 0 or 0
a b

H GL a b
b a

  
       

  is a subgroup of

 2,GL  .

(ii) Prove that any finitely generated subgroup of  ,   is cyclic.

(iii) Prove that every group of order 49 contains a subgroup of order 7.

(iv) Let G be a group. Prove that the mapping :f G G  defined by   1f a a  is
a homomorphism if and only if G is commutative. 3+3+2+2=10

(b) (i) Let G be a group such that 320G  . Suppose H, K be two subgroups of G

such that 35H  , 45K  . The find the order of G.

(ii) Let G be a group. Prove that if  G Z G  is cyclic, then G is abelian.

(iii) Let K be a normal subgroup of a group G such that  :G K m . If n is a

positive integer such that  gcd , 1m n  , then show that   K g G o g n   .

(iv) Prove that up to isomorphism there are only two groups of order 4.
2+2+2+4=10

4. (a) (i) Prove that every group of order p2 is abelian, where p is prime.

(ii) Let G be cyclic group and H be a subgroup of G. Prove that factor group
G
H  is

cyclic. Is the converse true ? Justify. 4+6

(b) (i) State the converse of Lagrange’s theorem for finite group and justify with an
example whether the converse of Lagrange’s theorem is true or false.

(ii) Show that the (external) direct product 3 4   of the cyclic group 3  and 4  is
a clyclic group. 1+5+4
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5. (a) Two finite cyclic groups of the same order are isomorphic. 10

(b) (i) Let G be a group of order 10 and G  be a group of order 6. Prove that there

does not exists a homomorphism of G onto G .

(ii) Let  5,G    and : G G   be defined by   3x x  , 5x  . Find

ker  . 10

6. (a) (i) Prove that every proper subgroup of a symmetric group 3S  is cyclic.

(ii) Let H be a subgroup of a group G and, b G . Prove that aH bH    if and
only if b aH .

(iii) Let P and Q be subgroups of a group G and     gcd 0 , 0 1P Q  . Prove that

 GP Q e . 4+3+3

(b) (i) Prove that the order of every subgroup of a finite group G is a divisor of the order
of G.

(ii) Prove that a non-commutative group of a order 2n, where n is odd prime, must
have a subgroup of order n.

(iii) Prove that a group of order 27 must have a subgroup of order 3. 5+3+2

_____________
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THEORY [Marks 40]

Answer any two from the following questions : 2×20

1.  (a) Explain Newton-Raphson method to solve the equation   0g x  . 6

(b) Find the rate  of convergence of Newton-Raphson method. 7

(c) Find a real root of the equation   3 2 5 0f x x x     lies between 2 and 3 by
Resula-Falsi method. 7

2. (a) Discuss Gauss-elimination method to slove the system of linear equation. 8

Full Marks : 60
Time : 3 Hours



(b) Solve the folloiwng equation by Gauss-elimination method. 8

1 2 32 4x x x  

1 2 32 2x x x  

1 2 32 2 3x x x  

(c) State the differences between direct and iterative methods. 4

3. (a) Find an LU- decomposition of the matrix
2 7 5
6 20 10
4 3 0

A
 
   
  

 and use it to solve the

system
3

12
6

Ax
 
   
  

 where
1

2

3

x
x x

x

 
   
  

. 10

(b) Deduce Lagrange interpolation method. 10

4. (a) Describe Euler’s method and modified Enler’s method to solve the following differential
equation

   0 0, ,dy f x y y x y
dx
  10

(b) Given 2 2dy x y
dx
  , and when 0, 1x y  . Find the values of  0.1y  by fourth

order Runge-Kutta method. 10



PRACTICAL [Marks 20]

Group - A

Answer any one from the following questions : 1×10

Each question carries 10 marks.

1. Write a program to evaluate  
3

12
log 2 sin 2x x x dx by trapezoidal rule taking 140

subintervals.

2. Write a program to find the value of  0.1y  from the differential equation

 2 , 0.1 1dy x y y
dx
   .

3. Write a program to find the sum of the following series
1 1 11 ...
2 3 10050
   .

4. Write a program to find a root of the equation 3 2 1 0x x   by bisection method.

5. Write a program to solve the equation 2 sin 1 0x x    using fixed point iteration method.

6. Write a program to find a real root of 5 23 1 0x x    by Newton-Raphosn method.

7. Write a program to compute 2
0

sin x dx


  by using Simpson’s
1
3  rule with 200 sub intervals.

8. Evaluate the integral
1.6

0.4 sin
x dx

x  by weddle’s rule by taking 120 sub-intervals.

9. Given  23 , 1 1.2, 0.1y x y y h     . Find  1.8y  R-K method of four order..

10. Write a program to find a root of the equation sin 1 0x x    by secant method.

11. Using iterative formula to compute 7 125 . Correct to five significant digits.



12. Find a real root of the equation log cosx x  uisng Regula-falsi method. Correct to three

significant figures.

13. Fit a linear curve to the data

X 4 6 8 10 12

y 13.72 12.90 12.01 11.14 10.31

14. If the prescribed curve be   2f x a x x    , estimate ,   and   by least square
method from the following data.

X 2 4 6 8 10

y 3.97 12.85 31.47 37.38 91.29

15. Write a program to compute
22

1

1x dx
x


  by using Simpson’s
1
6  rule  using 1000 sub-

intervals.

Group - B

Answer any one from the following questions : 1×10

Each question carries 10 marks.

16. Evaluate
0.5

0

xe dx  by five-point Gaussian quadrature.

17. Solve the following system of linear equations by LU decomposition method :

1, 4 3 6, 3 5 3 4x y z x y z x y x        

18. Apply Newton’s backward difference formula to obtain the value of y at x = 1.2 using the
following table.

X 0 1 2 3 4

f (x) 1 1.5 2.2 3.1 4.3



19. Use Lagrange’s interpolation formula to find f(x) when x = 0 from the following table

X –1 –2 2 4

f (x) –1 –9 11 69

20. Solve the following system of equations by Gaussian elimination method.

3 2 10, 2 3 2 14, 2 3 14x y z x y z x y x        

21. Solve the following by Eyler’s modified method.

   log , 0 2dy x y y
dx
   , at 1.4x   with 0.2h 

22. Solve the following system by Gauss Seidal method.

20 5 2 14, 3 10 17, 4 10 23x y z x y z x y z        

23. Solve the following systems of equation by Gauss-Jacobi’s iteration mehtod.

4 0.24 0.08 8,0.09 3 0.15 9,0.04 0.08 4 20x y z x y z x y z        

24. Find by power method, the numerically largest eigen value and the corresponding eigen
vector of the following matrix :

1 3 2
1 0 2

3 4 5

 
  
  

25. Find the value of xe  when 0.612x   using Newton’s forward difference method.

X 0.61 0.62 0.63 0.64 0.65

f (x) 1.840431 1.858928 1.877610 1.896481 1.915541

26. The distance (d) that a car has travelled at time (t) is given below :

Time (t) 0 2 0.63 0.64 0.65

Distance (d) 0 40 160 300 380



27. Evaluate  0.02y  given  2 , 0 1y x y y     by modified Euler’s method.

28. Write a program to find the value of  0.1y from the differential equation

 100, 0 1.2dy x y x
dx
     by fourth order Runge Kutta method.

29. If        0 1, 0.1 0.9975, 0.2 0.9900, 0.3 0.9800f f f f     and hence find

 0.05f  using Newton’s forward formula.

30. Given 10 10 10 10log 654 2.8156, log 658 2,.8182, log 659 2.8189, log 661 2.8202    ,

find 10log 656  using Newton’s forward formula.

_____________


































